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2 b Var(X) =[x f(x)dc— (E(X)) = [ 2x* - 2x'dv - (—j

¢ E(2X+1):2E(X)+1:2x%+1:§

Var(2X +1) = 22Var(X) = % =§

d Method 1
Fx)=[(2-20) de=[2t= ] =2x—x"

Method 2
F()c)=‘|‘2—2xdx:2)c—x2 +c

F(2)=1,502-1+c=1=>¢=0

So the cumulative distribution function is:

0 x<0
F(x)=<2x— X 0<x<l
1 x>1

e F(m)=05, s02m—-m =05=2m" —4m+1=0
o AEN16-8 V2

4 2

NG

AS 0<m<l, m=1-===0293 3 5.£)
3 a As FQ)=1, F(2)=k(4—2)=1:>k=%

1 1(9 3) 3
b P(Y<1.5)=F(1.5)=—x(1.5"-1.5)=—| === |===0.375
( ) =F(L.5) 5 ( ) 2(4 2) 2

¢ F(m)=0.5, so %(m2 -m)=05=>m>-m-1=0

m_li\/1+4_1i\/§

2 2

1+\E

2

As 1<m<2, m=

=1.62 3 s.f)
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3 d Using iF(y):f(y)
dy

d(1, , 1
& (2 (v y)j =y
So the probability density function is:

f(y)=

-— 12
y 5 %

0 otherwise

P(X >2.4)=1-P(X <2.4)=1-F(2.4)=1 —%(2.42 —4)=0.648

Alternative method:
P(X >24)=P(X <3)-P(X <2.4)=F3)-F(2.4)

= %(32 —4)—%(2.42 —4)=0.648

F(m)=0.5, so %(m2 —4)=0.5

=2m’-4)=5 multiplying both sides by 10

=2m’ =13

=>m= \/% =2.553s.f) as —\/g 1s not in the range 2<m<3

Using %F(x) =f(x)

d(1 ., ) 2x
5(5” ‘”)—5

So the probability density function is:

f(x)= :
?x 2<x<3

0 otherwise

38

E(X)ijf()c)dxﬂ;%x2 dx:{£x3} :%(27—8) =7

157 |,

The mode occurs at the maximum point of the probability density function graph. As f(x) is strictly
increasing on the interval [2, 3] and 0 elsewhere, the mode must be 3.
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5 a The area under the probability density function graph must be 1, so:
3 2

Izkxzdlez{ﬂ} =1
0 3 o

So %=1:>k:§

b E(X)ijf(x)wzjoz%dx:[kj —%:1.5

¢ Method 1

x3 1, ¥
Fx)=| =t" dt=|-t" | =—
) Ios [8} 8

Method 2

3
X

35
F(x)=|=xdx== +c¢
()= [oxidv="

3
F(2)=1, so 2§+c:12020

So the cumulative distribution function is:

0 x<0
x3
F(x)= ? 0<x2
1 x>2

d F(m)=0.5, so ’%:0.5
=>m =4 =>m=159 3s.f)

The mode occurs at the maximum point of the probability density function graph. As f(x) is strictly
increasing on the interval [0, 2] and 0 elsewhere, the mode must be 2.

6 a The area under the probability density function graph must be 1, so:

[k +2y+2) dy=1

3

3
:{k[y—+y2+2yﬂ =1
3 1
¥, 1
=kl —+3"+6 |-k|—=+1+2|=1
3 3
10

:k(24——j=l:>2k=l
3 3

So k:i
62
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y
N y 3 2 _ 3 t3 2
6 b F(y)_j1 S +2+2) dt{a[?ﬂ +2t

1
3 3 2
_3 RN B _i(l+1+2j:y_+3i+3_y_i
62\ 3 62\3 62 62 31 31

So the cumulative distribution function is:

0 y<l1
3 2
y  3y" 3y 5
F(y)={2—+2—+=2 - = 1<p<3
) 2 62 31 31 Y
1 y>3

3 2 B
c P(Ygz):F(z):2_+3><2 6 5 4+6+6-5 11

62 62 31 31 31 31

Alternatively, the probability can be derived from the probability density function as follows:

2
2 3 3(y°
P(Y§2) = J.l 5(_)/2 +2y+2)dy = |:a(y?+y2 +2yj:|

1
3
SN A CHW —i(l+1+2j:£
62\ 3 62\3 31

7 a The graph of the probability density function is a quadratic with a negative x* coefficient between
(=2, 0) and (2, 0), with a maximum at (0, 0.375); otherwise it is 0. The sketch of the graph is:

flx)

ool

b The mode occurs at the maximum point of the probability density function graph. From the graph,
this occurs when x = 0. So the mode is 0.
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7 ¢ F(x)zj;%m—ﬁ)dz{%—;—z}

J(12x ) (24 8) 12x X 1
32 32) (0 32732) 32 32 2

So the cumulative distribution function is:

0 x<-2
3
Foy=i2X X 1 oo
32 32 2
1 x>2

d P(0.5< X <1.5)=P(X <1.5)—P(X <0.5) = F(1.5)— F(0.5)
3 3 _
18 15" 1) (6 05 1)_12 26 96-26_35 _00e
32 256 256 128

32 32 2

32 32 2

8 a E(X)=[xf(x)dr= jo'gd”jfz?xs dx

2l 4 2
x 2x 1 (32 2}
=l—1 + ==+ ——-=
6], | 28] 6 \28 28
1 15 7 45 52 26

oy 2= L2 1938 (4s.f)
6 14 42 42 42 21

b If x<0, F(x)=0 so F(0)=0

If 0<x <1
F(x) = F(0) + j(j%df:[ﬂ -z
0
1
So F(1) ==
=3
If 1<x<2

201,20 2 _2¢ 5
L3021 21 21 21

F(x)=F(1)+ J-lx%tz dr= %-ﬁ- {E

So the cumulative distribution function is:

F(x)=
() 0 x<0
X 0<x <1
3
3
25 2
21 21
1 x>2
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8 ¢ i F() :é therefore the median lies in the interval 1<x<2, so
3
F(m)=0.5, so 24> 035
21 21
=4m’ +10=21

:m3:£:2.75
4

— m=1.401 (4 s.f)

1 1 . .
ii F(P;)= %; SO as F(Pls)gg, P; is in the interval 0<x <1

Therefore lP = 15 = B, =£20.45

3757100 100

9 F1)=0=0.05¢4-b=0=b=0.05a
F(2)=1=0.05a>-b=1

=0.05(a” —a)=1 substituting for b
=a’-a-20=0
=((a+4)(a-5=0 factoring

Since a is positive, a =5

So b=0.05a:Lx5:l:0.25
20 4

10 If F(x) is a cumulative distribution function, then the probability distribution function f(x) is found by:
d

S F0 =)

%G(mx—xz —55)j =§(16—2X)
So

f(x)=

%(8 -x) 5510

0 otherwise

But this cannot be a probability distribution function as f(x) < 0 for 8§ < x<10. So F(x) cannot be a
cumulative distribution function.

11a The area under the probability density function graph must be 1, so:
[ o~ kdx =1

2 3
:k[x——x} =1
2

1

:k(2—3—l+l)=l
2 2

:>2k:1:>k=%
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11b E(X):jxf(x)dx:f%(xz_x)dx{x?j_%z}
27 9 1 13 7 1

- :—:2.33 3 S.f.
3 (3s.t)

2

v ] A SR
¢ Fx)=| E(t—1)dt=h—5}1 =X X -

So the cumulative distribution function is:
0 x<1

2
F=12 -2l
4 2 4

1 x>3

2.4?
d F2.4)= 7 -1.2+0.25=0.49
2.5%
F(2.5) = J ~1.25+0.25=0.5625

Since F(2.4) < 0.5 < F(2.5), the median, m, when F(m) = 0.5 lies between 2.4 and 2.5.

12a The graph is a straight line from (0, 0) to (1, 1); part of a quadratic with a positive x* coefficient

from (1,%) to (2,%); and otherwise 0. The sketch of the graph is:

flx)

|
|
|
|
|
|
|
|
I
i
2 *

b The mode occurs at the maximum point of the probability density function graph. From the graph,
this occurs when x = 1. So the mode is 1.

c E(X)—jxf(x)dx—j'xzdﬁjzﬁdx— x l+ il
0 ' 14 3] s6 |
1,48 3 _56 144 9 191

T3756 56 168 168 168 168

191 191

FQX)=2B(X)=2x_ ="
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12d Var(X) = [ f(x)de— (B = [ x'de+ zﬁdx_(ﬂj

114 168
4] [ 70] \168
2
1,26 3 [PV 42860 (4s.f)
168

Var(2.X +1) =2 Var(X) =4x0.28602 =1.14 (3 s.f.)

e If x<0, F(x)=0 so F(0)=0

If 0<x<1
. t2 * xz
F(x) = F(0) + jo tdt = kl ==
So F(1) :l
2
If 1<x<2

<3¢ 1
F(x)=F(1)+L =2+ 3 X2

3 1,3 3 3 18 3¢ 3
L2 42 42 42 42 42 T

So the cumulative distribution function is:

F(x)=
) 0 x<0
xZ
— 0<x«1
2
3
x—+é 1<x2
14 7
1 x>2

f In deriving the cumulative distribution function in part e, it was shown that F(1) = 0.5.
So the median is 1.

13a The graph is part of a cubic with a positive x> coefficient from (0,0) to (2,0.5); a straight line
from (2, 0.5) to (5, 0); and otherwise 0. The sketch of the graph is:

fla)

1
2

|
|
[
|
|
|
I
|
I
|
I
|
I
2

0

b The mode occurs at the maximum point of the probability density function graph. From the graph,
this occurs when x = 2. So the mode is 2.
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13 ¢ Using the sketch, P(X> 2) = area of triangle with coordinates (2, 0), (2, 0.5) and (5, 0)
So P(X >2) :lx3xl=0.75
2 2

d If x<0, F(x)=0 so F(0)=0

If 0<x <2
t4 ' x4
F(x)=F(0)+ —dt —
o-ro (5]
24 1
So F2)=—=—
@ 64 4
If 2<x<5
2 2
F(x)= F(2)+I —dt:l z—t— :l+5—x—x——&+i:L(10x—x2—l3)
46122461261212
So the cumulative distribution function is:
F(x)=
) 0 x<0
x4
— 0<x <2
64
2
10x—x"-13 2<x<5
12
1 x>5

e AsF(2)=0.25 (from part d), the median, m, lies in the range 2<m<5

2
F(m) = 0.5 :W=0.53m2—10m+19=0

+ _
so = 08IWTS s, o

As 5++/6 is outside the range, m =5 ~J6=255 (3 s.f)

d
14a —F(x)=f(x), so
dx() (%)
d(1 2 10 2x
f(x) =—| —(-2x" +15x> —=44) | = —(=6x" +30x) = ——x" +—x=—(5—
) dx(Sl( ey )j (657 +309) == x = 6= 0)

So f(x)= -
—(5-x) 2<x<s5
27

0 otherwise
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14b To find the value of x when f(x) is a maximum, solve %f (x)=0

d 2 , 10 4 10
—_— —— Xt —x|=——x+—
dx\ 27 27 27 27
So the mode occurs when —4x+10=0=>x=2.5

Note that f(x) is clearly a maximum at this point as the function is a negative quadratic.

¢ The graph is part of a quadratic with a negative x* coefficient from (2,%) to (5,0); and is

otherwise 0. The quadratic has a maximum at (2.5,?—2] . The sketch of the graph is:

flx)
4]
9 I
I
|
|
|
I
I
i ,
0 2 2.5 5 ¥
d ,u=E(X)=J.xf(x)dx=E—2—27x3+;—(7)x2dx
_i[_l .5 3}5_i[_@+@+4_ﬂj_i(—1875+2500+48—160]
271 4 37 ] 270 4 3 3) 27 12

2,513 2x19 19
27 12 12 6

(1YL (1Y L (19Y L
e F(/J)—F(6J—8l( 2(6j+15[6j 44] 0.5297 (4 s.f)

f FQ.5)= é(—zasf +15(2.5)” —44)=0.2284 (4 5.f)

If m is the median, F(m) =0.5, so, as 0.2284 < 0.5 <0.5297, for this distribution,
mode < median < mean.

15a As F(x) is a cumulative distribution function, F(5)=1
1

So k(35><5—2><52):1:>125k:1:>k:E
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15b F(m)=0.5, so é(%m—zmz):o.s

= 4m’ —70m+125=0

= 70£+4900-2000 70£53.8516...

8 8
As 70+ 532'38516' — > 5, this cannot be a solution as the median lies between 0 and 5
So the solution is m = 70_5358516' —=2.02 (3s.f)

c %F(x) =f(x), so

d( 1 1
f(x)=—| —((35x-2x%) |=—(35—-4x
() dx(125( )j 125( )
So f(x)=
—(35-4x) 0<x5
125
0 otherwise
. . ) 35 15 . )
d The graph is a straight line from O,E to S,E and is otherwise 0.
The sketch of the graph is:
fla)a
35 |
125
15 |
125 |
i
0 5 %

e The mode occurs at the maximum point of the probability density function graph. From the graph,
this occurs when x = 0. So the mode is 0.

; E(X)—Ixf(x)dx—rL(35x_4x2)dx_L|:3_5x2 _ixjs
0125 125 2 3 0
2 3
_ L [35x8° 4x5T) 7 4 21 8 13,30
125 2 3 )23 6 6 6
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g P. is such that F(a)=0.05
So é(?ﬁa -2a°)=0.05=2a>-35a+6.25=0

ye 35++/1225-50 35+£34.27827...
4
So 5th percentile = 0.180 (3 s.f.) as other answer outside range

=0.180 or 17.3 (3 s.f.)

16 The area under the probability density function graph must be 1, so:
2

J.:ax+bdx:{%ax2+bx} —1=2a+2b=1 1)

0

2 1 1,7 9 .8 9
E(X)=|xf(x)dx = ‘thxdx=|—ax’+=bx" | === —a+2b=— 2
(X) jx (%) Ioax X {3ax 5 x} 2 3a 2 2)

0

Subtracting equation (2) from equation (1) gives:

2 1 3
—a=—=a=—
3 8 16

Substituting for a in equation (1) gives:

£+2b=1:>b=i
16 16

17 a The area under the probability density function graph must be 1, so:
4 0
[ ke 1y dr= {@} -1
-1

:ﬁzlzk:4
4

0 3 0 4 3 2
b E(X)=J.xf(x)dx:Jll4x(x+l) dx:L4x +125° +12x7 + 4xdx
0
:[%x5+3x4+4x3+2x2}
-1

:§—3+4—2=—0.2

¢ F(x)=[4x+D) dr=(x+D" +c
F(-1)=0=c=0

So the cumulative distribution function is:

0 x<-1
F(x)=4(x+1)* -1<x<0
1 x>0

d F(m)=(m+1)*=0.5
= m+1=0.8409
=m=-0.159 (3s.f)
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1 1
18a F(1)=[—(6-1)1dt =———(6—1)
8a F(¢) _[72(6 1 dt=———(6-1)" +
F(0)=0=c=1
So the cumulative distribution function is:
0 t<0
3
F(t) = 1—(6_? 0<<6
1 t>6
3
b Eom=1-="" _¢s
216
= (6-m)’ =108

=6-m=4.7622...
= m =1.24 hours (3 s.f.)

6t t2 3

_ I R PP S SV L S A
c E(T)_jtf(t)dt_jonm 0 de= [ Dot de

2 3 4 7°
{t £t }_36 216 1296 ¢ 154 45-1.5hours

, 4 18 288

4 18 288

2 dt={ln(2t—l)}x=1n(2x—l)

19 Fx)=| ——
) 1 (2t—1)In5 In5 In5

1

So the cumulative distribution function is:

0 x<1
F(x) = In@2x-1) 1<x<3
In5
1 x>3

20 a The area under the probability density function graph must be 1, so:
[| forsin(oodx =1

1
= [—kx M} - J.Ol —de =1 using integration by parts
T n

. {—kx cos(m) , ksin(nx)}l 1

T T 0

:E:I
T

=k=mn
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20b E(X) = [ xf(x)dx = | m sin(or)dx

= [—xz cos(nx)]; + J.Ol 2x cos(mx)dx using integration by parts
2 sin(7x) b sin(7x) . . .
=|—x"cos(mx)+2x——=| — IO 2——dx using integration by parts again
T T

1

2

= {—xz cos(mx) + 2x sin(rv) + 2 cos(nx)}
n n

0

—1-2 2 20,5947 = 50%
T T

21 a The area under the probability density function graph must be 1, so:
1 2 k
[ e+ | —dr=1

= [kx]g 7{—5}2 =1

X
:>k—£+k=1
2
3k,
2
:k:z
3

b E(X)=[xf(x)dx= jol%xdﬁ f%dx

1 2
=[ﬁ} +[2lnx} L 21022079543, 20.795 (3 s.£)
3, L3 ), 3 3
2
¢ E(X)=[+ f(x)dx:.[olz%dx+ f%dx

3 2
2x {21 2 2 8
9 1, L3l 9 3 9

So Var(X)=E(X?)—-(E(X))’ =§—(0.7954)2 =0.256 (3 s.f)
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Challenge
a E(X)= j: xf(x)dx = j: xAe Mdx

= [x(/”te*“)]: —~ J: —e Mdx using integration by parts

—ax |®
=O+I e v =| -2 =l
0 2,2
E(X?)= j: P (x)dx = jo“’ x> (Ae*)dx
= [xz (ﬂe*“)]: —~ J.: —2xe *dx using integration by parts

=0+2] xedx =%E(X) =%

2 (1Y) 1
Var(X)=E(X*)-(EX)) =—=-| = | =—
()= ()~ B0 = (;J -
b P(X>a)=1-P(X <a)=1-[ 2e™dx
___*ﬂxa___—la _ _—Ja
=1-[—e "] =1-(—e ™ +])=¢
Similarly, P((X >b)=e ™ and P(X > a + b) = M) =g M x g

P(X >a+b) e™xe™
P sa) | on ¢ TPEEh)

Hence, P(X >a+b| X >a) =
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