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Chapter Review 4

1 a 
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0 0
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 ∫ ∫ ∫  
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 b 
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X X+ = = × =  

 

 c 
1 1

0 0

1 1P( 1) 1 d d
3 2 3 6

x xX x x < = + = + 
 ∫ ∫  

            
12

0

1 1 5
3 12 3 12 12
x x 

= + = + = 
 

 

 

 d 10 10P( E( )) P 1 P
9 9

X X X X   > = > = − <   
   

 

            

10
10 10 2 9
9 9

0 0
0

1 11 1 d 1 d 1
3 2 3 6 3 12

10 100 90 25 115 1281 1 1
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  = − + = − + = − +      

   = − + = − + = − =   
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∫ ∫
 

 

 e 
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1P(0.5 1.5) d
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x x xX x
  < < = + = +      

∫  
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   

= + = + = =

 

 

2 a 
1

1 2 2 3

0
0

2 2 1E( ) f ( )d 2 2 d 1
3 3 3

X x x x x x x x x = = − = − = − =  ∫ ∫  
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2 b 
2

12 2 2 3

0

1Var( ) f ( )d (E( )) 2 2 d
3

X x x x X x x x  = − = − − 
 ∫ ∫  

            
1
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0

2 1 1 2 1 1 12 9 2 1
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x x − − = − − = − − = =  
 

 

 c 1 5E(2 1) 2E( ) 1 2 1
3 3

X X+ = + = × + =  

 

  2 4 2Var(2 1) 2 Var( )
18 9

X X+ = = =  

 
 d Method 1 
  2 2

00
F( ) (2 2 ) d 2 2

x x
x t t t t x x = − = − = − ∫  

 
  Method 2 

  
2F( ) 2 2 d 2

F(2) 1,  so 2 1 1 0

x x x x x c

c c

= − = − +

= − + = ⇒ =
∫

 

 
  So the cumulative distribution function is: 

   2

0 0
F( ) 2 0 1

1 1

x
x x x x

x

<
= −
 >

   

 
 e  

  

4 16 8 21
4 2

2As 0 1, 1 0.293 (3 s.f.)
2

m

m m

± −
= = ±

= − = 
 

 

3 a As 1F(2) 1, F(2) (4 2) 1
2

k k= = − = ⇒ =   

 

 b 21 1 9 3 3P( 1.5) F(1.5) (1.5 1.5) 0.375
2 2 4 2 8

Y  < = = × − = − = = 
 

 

 

 c 2 21F( ) 0.5,  so ( ) 0.5 1 0
2

m m m m m= − = ⇒ − − =  

  

1 1 4 1 5
2 2

1 5As 1 2, 1.62 (3 s.f.)
2

m

m m

± + ±
= =

+
= = 
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3 d Using d F( ) f ( )
d

y y
y

=   

  2d 1 1( )
d 2 2

y y y
y
 − = − 
 

 

  So the probability density function is: 
   f ( )

1 1 2
2

0 otherwise

y
y y

= 
 −



 
 

 

4 a 21P( 2.4) 1 P( 2.4) 1 F(2.4) 1 (2.4 4) 0.648
5

X X> = − < = − = − − =  

  Alternative method: 

  2 2

P( 2.4) P( 3) P( 2.4) F(3) F(2.4)
1 1  (3 4) (2.4 4) 0.648
5 5

X X X> = < − < = −

= − − − =
 

 

 b 21F( ) 0.5,  so ( 4) 0.5
5

m m= − =  

  

2

2

2( 4) 5                      multiplying both sides by 10
2 13

13 132.55 (3 s.f.)       as   is not in the range 2 3
2 2

m
m

m m

⇒ − =

⇒ =

⇒ = = −  

 

 

 c Using d F( ) f ( )
d

x x
x

=  

  2d 1 2( 4)
d 5 5

xx
x
 − = 
 

 

  So the probability density function is: 
   f ( )

2 2 3
5
0 otherwise

x
x x

= 





 
 

 

 d 
3

3 2 3

2
2

2 2 2 38E( ) f ( )d d (27 8)
5 15 15 15

X x x x x x x = = = = − =  ∫ ∫  

 
 e The mode occurs at the maximum point of the probability density function graph. As f(x) is strictly 

increasing on the interval [2, 3] and 0 elsewhere, the mode must be 3. 
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5 a The area under the probability density function graph must be 1, so: 

  

232 2

0
0
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3
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8
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∫
 

 

 b 
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∫ ∫  

 
 c Method 1 

  
3
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  Method 2 
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∫
 

 
  So the cumulative distribution function is: 
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8
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x
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
= 


>

   

 

 d 
3

F( ) 0.5,  so 0.5
8

mm = =  

  3 4 1.59 (3 s.f.)m m⇒ = ⇒ =  
 
 e The mode occurs at the maximum point of the probability density function graph. As f(x) is strictly 

increasing on the interval [0, 2] and 0 elsewhere, the mode must be 2. 
 
6 a The area under the probability density function graph must be 1, so: 
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6 b 
3
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 c 
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  Alternatively, the probability can be derived from the probability density function as follows: 
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∫
 

 
7 a The graph of the probability density function is a quadratic with a negative x2 coefficient between 

(–2, 0) and (2, 0), with a maximum at (0, 0.375); otherwise it is 0. The sketch of the graph is: 
 

   
 
 b The mode occurs at the maximum point of the probability density function graph. From the graph, 

this occurs when x = 0. So the mode is 0. 
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7 c 
3
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8 c i 1F(1)
3

=  therefore the median lies in the interval 1 2,x   so 
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2
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10 If F(x) is a cumulative distribution function, then the probability distribution function f(x) is found by:  

  d F( ) f ( )
d

x x
x

=  

  2d 1 1(16 55) (16 2 )
d 5 5

x x x
x
 − − = − 
 

 

 So 
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2 (8 ) 5 10
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0 otherwise

x
x x

= 
 −

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 
 

 But this cannot be a probability distribution function as f(x) < 0 for 8 10x<  . So F(x) cannot be a 
cumulative distribution function. 

 
11 a The area under the probability density function graph must be 1, so: 
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11 b 
33 23 2

1
1

1E( ) f ( )d ( )d
2 6 4

x xX x x x x x x
 

= = − = − 
 

∫ ∫  

        27 9 1 1 13 72 2.33 (3 s.f.)
6 4 6 4 3 3

= − − + = − = =   

 

 c 
2 2

1
1

1 1F( ) ( 1)d
2 4 2 4 2 4

x
x t t x xx t t

 
= − = − = − − 

 
∫  

 
  So the cumulative distribution function is: 

   
2
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1F( ) 1 3

4 2 4
1 3

x
x xx x

x

<

= − +


>

   

 

 d 
22.4F(2.4) 1.2 0.25 0.49

4
= − + =   

  
22.5F(2.5) 1.25 0.25 0.5625

4
= − + =  

  Since F(2.4) 0.5 F(2.5)< < , the median, m, when F(m) = 0.5 lies between 2.4 and 2.5. 
 
 
12 a The graph is a straight line from (0, 0) to (1, 1); part of a quadratic with a positive x2 coefficient 

from 31,
14

 
 
 

 to 122, ;
14

 
 
 

 and otherwise 0. The sketch of the graph is: 

 

   
 
 b The mode occurs at the maximum point of the probability density function graph. From the graph, 

this occurs when x = 1. So the mode is 1. 
 

 c 
1 23 3 41 22

0 1
0 1

3 3E( ) f ( )d d d
14 3 56
x x xX x x x x x x

   
= = + = +   

   
∫ ∫ ∫  

        1 48 3 56 144 9 191
3 56 56 168 168 168 168

= + − = + − =   
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12 d 
241 22 2 3

0 1

3 191Var( ) f ( )d (E( )) d d
14 168
xX x x x X x x x  = − = + − 

 ∫ ∫ ∫  

            

1 2 24 5

0 1
2

3 191
4 70 168

1 96 3 191 0.2860 (4 s.f.)
4 70 70 168

x x     = + −          

 = + − − = 
 

  

  2Var(2 1) 2 Var( ) 4 0.28602 1.14 (3 s.f.)X X+ = = × =   
 
 e If 0,  F( ) 0 so F(0) 0x x = =   
  If 0 1x   

   
2 2

0
0

F( ) F(0) d
2 2

x
x t xx t t

 
= + = = 

 
∫  

  So 1F(1)
2

=   

  If 1 2x<   

   
2 3 3 3 3

1
1

3 1 3 1 3 3 3 18 3 3F( ) F(1) d
14 2 42 2 42 42 42 42 42 7

x
x t t x x xx t

 
= + = + = + − = + = + 

 
∫  

 
  So the cumulative distribution function is: 
   

2

3

F( )
0 0

0 1
2

3 1 2
14 7

1 2

x
x

x x

x x

x

= 
<






+ <


>

 



 

 
 f In deriving the cumulative distribution function in part e, it was shown that F(1) = 0.5.  
  So the median is 1. 
 
13 a The graph is part of a cubic with a positive x3 coefficient from (0,0)  to (2,0.5);  a straight line 

from (2, 0.5) to (5, 0); and otherwise 0. The sketch of the graph is: 
 

   
 
 b The mode occurs at the maximum point of the probability density function graph. From the graph, 

this occurs when x = 2. So the mode is 2.  
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13 c Using the sketch, P(X > 2) = area of triangle with coordinates (2, 0), (2, 0.5) and (5, 0) 

  So 1 1P( 2) 3 0.75
2 2

X > = × × =  

 
 d If 0,  F( ) 0 so F(0) 0x x = =   
  If 0 2x <  

   
3 4 4

0
0

F( ) F(0) d
16 64 64

x
x t t xx t

 
= + = = 

 
∫  

  So 
42 1F(2)

64 4
= =   

 
  If 2 5x   

   
2 2

2

2
2

5 1 5 1 5 10 4 1F( ) F(2) d (10 13)
6 4 6 12 4 6 12 6 12 12

x
x t t t x xx t x x

 −
= + = + − = + − − + = − − 

 
∫  

 
  So the cumulative distribution function is: 
   

4

2

F( )
0 0

0 2
64

10 13 2 5
12
1 5

x
x

x x

x x x

x

= 
<


 <

 − −



>



 

 

 
 e As F(2) = 0.25 (from part d), the median, m, lies in the range 2 5m   

  F(m) = 0.5 
2

210 13 0.5 10 19 0
12

m m m m− −
⇒ = ⇒ − + =   

  So 10 100 76 5 6
2

m ± −
= = ±   

  As 5 6+  is outside the range, 5 6 2.55 (3 s.f.)m = − =   
 

14 a d F( ) f ( )
d

x x
x

= , so  

  3 2 2 2d 1 1 2 10 2f ( ) ( 2 15 44) ( 6 30 ) (5 )
d 81 81 27 27 27

xx x x x x x x x
x
 = − + − = − + = − + = − 
 

 

  So f ( )
2 (5 ) 2 5
27

0 otherwise

x
x x x

= 
 −



 
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14 b To find the value of x when f(x) is a maximum, solve d f ( ) 0
d

x
x

=  

  
2d 2 10 4 10

d 27 27 27 27
So the mode occurs when 4 10 0 2.5

x x x
x

x x

 − + = − + 
 

− + = ⇒ =
 

  Note that f(x) is clearly a maximum at this point as the function is a negative quadratic. 
 

 c The graph is part of a quadratic with a negative x2 coefficient from 42,
9

 
 
 

 to (5,0);  and is 

otherwise 0. The quadratic has a maximum at 252.5,
54

 
 
 

. The sketch of the graph is: 

   
 

 d 
5 3 2

2

2 10E( ) f ( )d d
27 27

X x x x x x xµ = = = − +∫ ∫  

      

5
4 3

2

2 1 5 2 625 625 40 2 1875 2500 48 1604
27 4 3 27 4 3 3 27 12
2 513 2 19 19

27 12 12 6

x x − + + −     = − + = − + + − =         
×

= × = =

  

 

 e 
3 219 1 19 19F( ) F 2 15 44 0.5297 (4 s.f.)

6 81 6 6
µ

      = = − + − =             
 

 

 f ( )3 21F(2.5) 2(2.5) 15(2.5) 44 0.2284 (4 s.f.)
81

= − + − =  

  If m is the median, F(m) =0.5, so, as 0.2284 < 0.5 < 0.5297, for this distribution, 
mode < median < mean. 

 
15 a As F(x) is a cumulative distribution function, F(5) 1=   

  So 2 1 (35 5 2 5 ) 1 125 1
125

k k k× − × = ⇒ = ⇒ =  

 
  



  

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free. 12 

15 b F(m) = 0.5, so 21 (35 2 ) 0.5
125

m m− =   

  

24 70 125 0

70 4900 2000 70 53.8516
8 8

70 53.8516As  5,  this cannot be a solution as the median lies between 0 and 5
8

70 53.8516So the solution is 2.02 (3 s.f.)
8

m m

m

m

⇒ − + =

± − ±
⇒ = =

+
>

−
= =







  

 

 c d F( ) f ( )
d

x x
x

= , so  

  2d 1 1f ( ) (35 2 ) (35 4 )
d 125 125

x x x x
x
 = − = − 
 

 

  So f ( )
1 (35 4 ) 0 5

125
0 otherwise

x
x x

= 
 −



 
 

 

 d The graph is a straight line from 350,
125

 
 
 

 to 155,
125

 
 
 

 and is otherwise 0.  

The sketch of the graph is: 
 

   
 
 e The mode occurs at the maximum point of the probability density function graph. From the graph, 

this occurs when x = 0. So the mode is 0. 
 

 f 
5

5 2 2 3

0
0

1 1 35 4E( ) f ( )d (35 4 )d
125 125 2 3

X x x x x x x x x = = − = −  ∫ ∫
 

        
2 31 35 5 4 5 7 4 21 8 13 2.17 (3 s.f.)

125 2 3 2 3 6 6 6
 × ×

= − = − = − = = 
 
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 g 5P is such that F( ) 0.05a =   

  

2 21So (35 2 ) 0.05 2 35 6.25 0
125
35 1225 50 35 34.27827 0.180 or 17.3 (3 s.f.)

4 4
So 5th percentile = 0.180 (3 s.f.) as other answer outside range

a a a a

a

− = ⇒ − + =

± − ±
= = =

   

 
16 The area under the probability density function graph must be 1, so: 

 
2

2 2

0
0

1d 1 2 2 1
2

ax b x ax bx a b + = + = ⇒ + =  ∫      (1) 

 
2

2 2 3 2

0
0

1 1 9 8 9E( ) f ( )d d 2
3 2 8 3 8

X x x x ax bx x ax bx a b = = + = + = ⇒ + =  ∫ ∫   (2) 

 Subtracting equation (2) from equation (1) gives: 

  2 1 3
3 8 16

a a= ⇒ =   

 Substituting for a in equation (1) gives: 

  6 52 1
16 16

b b+ = ⇒ =   

 
17 a The area under the probability density function graph must be 1, so: 

  
040 3

1
1

( 1)( 1) d 1
4

k xk x x
−

−

 +
+ = = 

 
∫  

  1 4
4
k k⇒ = ⇒ =   

 
 b 

0 03 4 3 2

1 1
E( ) f( )d 4 ( 1) d 4 12 12 4 dX x x x x x x x x x x x

− −
= = + = + + +∫ ∫ ∫  

        

0
5 4 3 2

1

4 3 4 2
5

4 3 4 2 0.2
5

x x x x
−

 = + + +  

= − + − = −

 

 
 c 

3 4F( ) 4( 1) d ( 1)x x x x c= + = + +∫  
  F( 1) 0 0c− = ⇒ =  
 
  So the cumulative distribution function is: 

   4

0 1
F( ) ( 1) 1 0

1 0

x
x x x

x

< −
= + −
 >

   

 
 d 4F( ) ( 1) 0.5m m= + =  

  

1 0.8409
0.159 (3 s.f.)

m
m

⇒ + =
⇒ = −
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18 a 2 31 1F( ) (6 ) d (6 )
72 216

t t t t c= − = − − +∫  

  F(0) 0 1c= ⇒ =   
 
  So the cumulative distribution function is: 

   
3

0 0
(6 )F( ) 1 0 6    

216
1 6

t
tt t

t

<
 −= −


>

 
 

 

 b 
3(6 )F( ) 1 0.5

216
mm −

= − =  

         

3(6 ) 108
6 4.7622

1.24 hours (3 s.f.)

m
m

m

⇒ − =
⇒ − =
⇒ =

   

 

 c 
2 36 62

0 0
E( ) f ( )d (6 ) d d

72 2 6 72
t t t tT t t t t t t= = − = − +∫ ∫ ∫  

       
62 3 4

0

36 216 1296 9 12 4.5 1.5 hours
4 18 288 4 18 288
t t t 

= − + = − + = − + = 
 

  

 

19 
1

1

2 ln(2 1) ln(2 1)F( ) d
(2 1) ln 5 ln 5 ln 5

x
x t xx t

t
− − = = = −  ∫  

 
  So the cumulative distribution function is: 

   

0 1
ln(2 1)F( ) 1 3    

ln 5
1 3

x
xx x

x

<
 −= 


>

 
 

 
20 a The area under the probability density function graph must be 1, so: 

  

1

0
1

1

0
0

1

2
0

sin( )d 1

cos( ) cos( ) d 1                  using integration by parts

cos( ) sin( ) 1

1

kx x x

x k xkx x

x k xkx

k

k

π =

π π ⇒ − − − = π π 

π π ⇒ − + = π π 

⇒ =
π

⇒ = π

∫

∫
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20 b 
1 2

0
E( ) f( )d sin( )dX x x x x x x= = π π∫ ∫  

          

112

0 0
1

12

0
0

2

cos( ) 2 cos( )d                             using integration by parts

sin( ) sin( )cos( ) 2 2 d           using integration by parts again

sin( ) 2coscos( ) 2

x x x x x

x xx x x x

xx x x

 = − π + π 

π π = − π + − π π 

π
= − π + +

π

∫

∫
1

2
0

2 2

( )

2 21 0.5947 59%

xπ 
 π 

= − − =
π π



 

 
21 a The area under the probability density function graph must be 1, so: 

  

[ ]

1 2

20 1

2
1

0
1

d d 1

1 

1
2

3 1

2
3

kk x x
x

kkx
x

kk k

k

k

+ =

 ⇒ + − =  

⇒ − + =

⇒ =
2

⇒ =

∫ ∫

 

 

 b 
1 2

0 1

2 2E( ) f( )d d d
3 3
xX x x x x x

x
= = +∫ ∫ ∫  

        
1 2

0 1

2 ln 1 2 ln 2 0.79543 0.795 (3 s.f.)
3 3 3 3
x x   = + = + = =      

   

 

 c 
21 22 2

0 1

2 2E( ) f( )d d d
3 3
xX x x x x x= = +∫ ∫ ∫  

          
1 23

10

2 2 2 2 8
9 3 9 3 9
x x   = + = + =     

  

  2 2 28So Var( ) E( ) (E( )) (0.7954) 0.256 (3 s.f.)
9

X X X= − = − =  
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Challenge 
a 

0 0
E( ) f ( )d e dxX x x x x xλλ

∞ ∞ −= =∫ ∫  

        
0 0

0
0

( e ) e d                       using integration by parts

e 10 e d

x x

x
x

x x

x

λ λ

λ
λ

λ

λ λ

∞∞− −

∞−∞ −

 = − − 

 
= + = − = 

 

∫

∫
 

  

2 2 2

0 0

2

0 0

20

2
2 2

2 2

E( ) f ( )d ( e )d

( e ) 2 e d                using integration by parts

2 20 2 e d E( )

2 1 1Var( ) E( ) (E( ))

x

x x

x

X x x x x x

x x x

x x X

X X X

λ

λ λ

λ

λ

λ

λ λ

λ λ λ

∞ ∞ −

∞∞− −

∞ −

= =

 = − − 

= + = =

 = − = − = 
 

∫ ∫
∫

∫
 

 
 b ( ) ( )

0
P 1 P 1 e d

a xX a X a xλλ −> = − < = − ∫  

              
0

1 e 1 ( e 1) e
ax a aλ λ λ− − − = − − = − − + =   

  Similarly, P(X > b) = e−λb and P(X > a + b) = e−λ(a+b) = e−λa × e−λb 

  Hence, P( ) e eP( | ) e P( )
P( ) e

a b
b

a

X a bX a b X a X b
X a

λ λ
λ

λ

− −
−

−

> + ×
> + > = = = = >

>
 

 
 
 
 
 
 


